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ABSTRACT

This paper presents new algorithms for source separation with a
microphone array. Key to our algorithms are exploiting detailed
source models, using subband filtering ideas to model the reverber-
ant environment, and employing explicit models for background
and sensor noise. We demonstrate strong performance which is
robust to noise and reverberations. Good scaling properties are
obtained using machine learning techniques.

1. INTRODUCTION

This paper makes several contributions to the problem of real world
source separation. In the problem as defined here, signals fromK
independent sources are received by each ofL ≥ K sensors. The
task is to obtain anoptimal estimateof the sources from the sensor
signals. One reason this task is difficult is that the received signals
are distorted versions of the originals. There are two types of dis-
tortions. The first type arises from propagation through a medium,
and is approximately linear but also history dependent. This type
is termed reverberations. The second type arises from background
noise and sensor noise, which are assumed additive. The task is
also difficult for another reason, which is lack of advance knowl-
edge of the properties of the sources and of the distortions.

Unfortunately, the intense activity this problem has attracted
over the last several years (see, e.g., [8],[2],[6]) has not yet pro-
duced a satisfactory solution. In our opinion, the reason is that
existing techniques fail to address three major factors. The first
is noise robustness: algorithms typically ignore background and
sensor noise, sometime assuming they may be treated as addi-
tional sources. It seems plausible that to produce a noise robust
algorithm, noise signals and their properties must be modeled ex-
plicitly, and these models should be exploited to compute optimal
source estimators. The second factor is filter modeling: algorithms
typically seek, and directly optimize, a transformation that would
unmix the sources. However, in many situations, the filters de-
scribing medium propagation are non-invertible, or have an unsta-
ble inverse, or have a stable inverse that is extremely long. It may
hence be advantageous to estimate the mixing filters themselves,
then use them to estimate the sources. The third factor is source
properties: algorithms typically use a very simple source model
(e.g., a one time point histogram). But in many cases one may eas-
ily obtain detailed models of the source signals, and incorporating
them into the algorithms could potentially improve performance.
This is particularly true for speech sources, where large datasets
exist and much modeling expertise has developed over decades of

research. Separation of speakers is also one of the major potential
commercial applications of source separation algorithms.

In the following, we present new separation algorithms that are
the first to address all three factors. We work in the framework of
statistical models. This framework allows us to construct models
for sources and for noise, combine them with the reverberant mix-
ing transformation in a principled manner, and compute parameter
and source estimates from data which are Bayes optimal. We iden-
tify three technical ideas that are key to our approach: (1) a strong
speech model, (2) subband filtering, and (3) variational EM.

2. SUBBAND FILTERING

We start with the concept of subband filtering. This is also a good
point to define our notation. Letxm denote a time domain signal,
e.g., the value of a sound pressure waveform at time pointm =
0, 1, 2, .... Let Xn[k] denote the corresponding subband signal
at time framen and subband frequencyk. The subband signals
are obtained from the time domain signal by imposing anN -point
window wm, m = 0 : N − 1 on that signal at equally spaced
pointsnJ , n = 0, 1, 2, ..., and FFT-ing the windowed signal,

Xn[k] =

N−1∑
m=0

e−iωkmwmxnJ+m , (1)

whereωk = 2πk/N andk = 0 : N − 1. Notice the difference in
time scale between the time frame indexn in Xn[k] and the time
point indexn in xn.

The chosen value of the spacingJ depends on the window
lengthN . For J ≤ N the original signalxm can be synthesized
exactly from the subband signals (we omit the synthesis formula).
Consider a filterhm applied toxm, and denote byym the filtered
signal. In the simple casehm = hδm,0 (no filtering), the subband
signals keep the same dependence as the time domain ones,

yn = hxn −→ Yn[k] = hXn[k] . (2)

For an arbitrary filterhm, we use the relation

yn =
∑
m

hmxn−m −→ Yn[k] =
∑
m

Hm[k]Xn−m[k] , (3)

with complex coefficientsHm[k] for eachk. This relation between
the subband signals is termed subband filtering, and theHm[k] are
termed subband filters.

Unlike the simple case (2), the relation (3) holds approxi-
mately, but quite accurately using an appropriate choice ofJ and



wm. We have found using simulations that in the limiting case
of a Gaussian i.i.d. signalxm and filter hm, with a linear re-
gression estimate forHm[k], the relative mean squared error of
| Yn[k] − ∑

m Hm[k]Xn−m[k] |2 was .034 using a Hamming
window andJ = N/2; all other filters provided in the Matlab
signal processing toolbox performed worse. Furthermore, with the
actual speech signals and the filters used in the experiments in this
paper, the error decreases to.019. Throughout this paper, we will
therefore assume that an arbitrary filterhm can be modeled by the
subband filtersHm[k] to a sufficient accuracy for our purposes.

One advantage of subband filtering is that it replaces a long
filter hm by a set of short independent filtersHm[k], one per fre-
quency. This will turn out to decompose the source separation and
deconvolution problem into a set of small (albeit coupled) prob-
lems, one per frequency. Another advantage is that this represen-
tation allows using a detailed speech model on the same footing
with the filter model. This is because a speech model is defined on
the time scale of a single frame, whereas the original filterhm, in
contrast withHm[k], is typically as long as10 or more frames.

As a final point on notation, we define a Gaussian distribution
over a complex numberZ by

p(Z) = N (Z | µ, ν) =
ν

π
exp(−ν | Z − µ |2) . (4)

Notice that this is a joint distribution over the real and imaginary
parts ofZ. ν = (〈| X |2〉− | 〈X〉 |2)−1 is termed the precision
(defined as the inverse variance).

3. SPEECH MODEL

We assume independent sources, and model the distribution of
sourcej by a mixture model over its subband signalsXjn,

p(Xjn | Sjn = s) =

N/2−1∏

k=1

N (Xjn[k] | 0, Ajs[k])

p(Sjn = s) = πjs

p(X, S) =
∏
jn

p(Xjn | Sjn)p(Sjn) , (5)

where the components are labeled bySjn. Components of source
j is a zero mean Gaussian with precisionAjs. The mixing propor-
tions of sourcej areπjs. A similar model was used in [1] for one
microphone speech enhancement for recognition (see also [3]).

Here are several things to note about this model. (1) Each
components has a characteristic spectrum〈| Xjn |2〉 = A−1

js ,
which may describe a particular part of a speech phoneme. (2) A
zero mean model is appropriate since the mean of a sound pressure
waveform is zero. (3)k runs from1 to N/2 − 1, since fork >
N/2, Xjn[k] = Xjn[N − k]?; the subbandsk = 0, N/2 are
real and are omitted from the model, a common practice in speech
recognition engines. (4) Perhaps most importantly, for each source
the subband signals are correlatedvia the component labels, since

p(Xjn) =
∑

s

p(Xjn, Sjn = s) 6=
∏

k

p(Xjn[k]) . (6)

Hence, when the source separation problem decomposes into one
problem per frequency, these problems are coupled (see below),
and independent frequency permutations are avoided. (5) To in-
crease model accuracy, a state transition matrixp(Sjn = s |
Sj,n−1 = s′) may be added for each source. The resulting HMM

models are straightforward to incorporate without increasing the
algorithm complexity.

Our experiments focused on separating speakers, and we there-
fore used a speech model for each source. The model was speaker
independent and was trained offline on a large dataset of clean
speech signals, including 150 male and female speakers reading
sentences from the Wall Street Journal (see [1] for details). The
training algorithm used was standard EM (omitted) using256 clus-
ters, initialized by vector quantization.

4. NON-REVERBERANT MIXING

We now present a source separation algorithm for the case of non-
reverberant (or instantaneous) mixing. Whereas many algorithms
exist for this case, our contribution here is an algorithm that is sig-
nificantly more robust to noise. Its robustness results, as indicated
in the introduction, from three factors: (1) explicitly modeling the
noise in the problem, (2) using a strong source model, in partic-
ular modeling the temporal statistics (overN time points) of the
sources, rather than one time point statistics, and (3) extracting
each source signal from data by a Bayes optimal estimator ob-
tained fromp(X | Y ). A more minor point is handling the case of
less sources than sensors in a principled way.

The mixing situation is described byyin =
∑

j hijxjn +uin,
wherexjn is source signalj at time pointn, yin is sensor sig-
nal i, hij is the instantaneous mixing matrix, anduin is the noise
corrupting sensori’s signal. The corresponding subband signals
satisfy

Yin[k] =
∑

j

hijXjn[k] + Uin[k] . (7)

To turn (7) into a statistical model, we assume that noisei has pre-
cision (inverse spectrum)Bi[k], and that noises at different sensors
are independent (the latter assumption is often inaccurate but can
be easily relaxed). This yields

p(Yin | X) =
∏

k

N (Yin[k] |
∑

j

hijXjn[k], Bi[k])

p(Y | X) =
∏
in

p(Yin | X) , (8)

which together with the speech model (5) forms a complete model
p(Y, X, S) for this problem.

The model parametersθ = {hij , Bi[k], Ajs[k], πjs} are esti-
mated from data by an EM algorithm. However, as the number of
speech componentsM or the number of sourcesK increases, the
E-step becomes computationally intractable, as it requires sum-
ming over allO(MK) configurations of(S1n, ..., SKn) at each
frame. Hence, an approximation must be made. The machine
learning community has recently made some progress in develop-
ing powerful new techniques to tackle intractable statistical mod-
els. We have found one such set of methods, termedvariational
techniques(see [5] and appendix), to be particularly suitable to
the present problem. Basically, we focus on the posterior distri-
butionp(X, S | Y ) over the unobserved variables conditioned on
the data, and compute an optimal tractable approximation for it,
denotedq(X, S | Y ) ≈ p(X, S | Y ). Usingq we update the suffi-
cient statistics and the parameters. After convergence, the sources
are obtained by the posterior mean (MMSE) estimator

X̂jn[k] = E(Xjn[k] | Y ) =

∫
dX q(X | Y )Xjn[k] , (9)



from which their time domain waveformŝxjm are synthesized.
M-step. The sufficient statistics (SS) required for the M-step

are the posterior cross correlations

λjj′,m[k] =
∑

n

E(Xj,n+m[k]Xj′n[k]? | Y ) ,

ηij,m[k] =
∑

n

E(Yi,n+m[k]Xjn[k]? | Y ) , (10)

whereE denotes averaging w.r.t.q(X | Y ). For the non-reverberant
case onlym = 0 is used. The update rule for the mixing matrix
hij is obtained by solving the linear equation

∑

k

Bi[k]ηij,0[k] =
∑

j′
hij′

∑

k

Bi[k]λj′j,0[k] . (11)

The update rule forBi[k] is omitted due to space restrictions.
E-step. The posterior means of the sources (9) are obtained

by solving

X̂jn[k] = ν̂j [k]−1
∑

i

Bi[k]hij


Yin[k]−

∑

j′ 6=j

hij′X̂j′n[k]


 (12)

for X̂jn[k], which is aK ×K linear system for each frequencyk
and framen. Other SS are the state posterior meansρjns and state
posterior precisionsνjs, given by

ρjns[k] =
ν̂jn[k]

νjs[k]
X̂jn[k] ,

νjs[k] =
∑

i

Bi[k]h2
ij + Ajs[k] ,

ν̂jn[k]−1 =
∑

s

γjnsνjs[k]−1 , (13)

where theνjs turn out to be frame independent. AlsôXjn[k] =∑
s

γjnsρjns[k]. Finally, the last SS are the state responsibilities

γjns = q(Sjn = s | Y ), obtained via

γjns =
1

zjn

∏

k

exp

(
νjns[k] | ρjs[k] |2 + log

Ajs[k]

νjs[k]

)
· πjs (14)

wherezjn is a normalization constant.
The SSλjj′,m andηij,m can now be given directly in terms

of all these quantities:

λjj′,m[k] =
∑

n

X̂j,n+m[k]X̂j′n[k]? ,

λjj,0[k] =
∑

n

(∑
s

γjns | ρjns[k] |2 +ν̂jn[k]−1

)
,

ηij,m[k] =
∑

n

Yi,n+m[k]X̂jn[k]? , (15)

where the first line holds except when bothj′ = j andm = 0.
Eqs. (12)–(15) constitute the variational E-step and are solved by
iteration.

4.1. Results

We have performed three sets of experiments. In each set,K 20sec
long speech signals at16 kHz sampling rate from the Wall Street
Journal dataset (see [1]) were mixed together by a randomL×K
mixing matrix sampled from a Gaussian distribution.L noise sig-
nals taken from a long noise sequence recorded in an office envi-
ronment with A/C and two PCs were added to the mixtures. The
signal to noise ratio (SNR) was 10dB. The experiment was per-
formed for pairs(L, K) = (3, 2), (5, 3), (5, 5), where for each
pair100 mixing matrices were sampled (not that some had zero or
very low rank). The algorithm was applied to each of the result-
ing 300 datasets. The extracted sources were compared against
the original ones and the SNR was computed. Averaged over mix-
ing matrices, the SNR improvement for the 3 pairs over the noisy
signals was4.4dB, 4.2dB, 3.7dB, respectively.

The same datasets were analyzed using noiseless IFA [7], which
resulted in SNR improvement of.9dB, .8dB, .6dB, respectively.
Some of the datasets were analyzed with noisy IFA [7], obtaining
just slightly better results than noiseless IFA:1.2dB, 1.2dB, .9dB.
We therefore conclude that our algorithm is significantly more ro-
bust to noise than IFA, which is competitive with state of the art
instantaneous separation algorithms.

5. REVERBERANT MIXING

In this section we extend the algorithm to the case of reverberant
mixing. In that case, due to signal propagation in the medium,
each sensor signal at timen depends on the source signals not
just at the same time but also at previous times. To describe this
mathematically, the mixing matrixhij must become a matrix of
filters hij,m: we haveyin =

∑
jm hij,mxj,n−m + uin. It may

seem straightforward to extend the algorithm derived above to the
present case. However, this appearance is misleading, because we
have a time scale problem. Whereas are speech modelp(X, S) is
frame based, the filtershij,m are generally longer than the frame
lengthN , typically 10 frames long and sometime longer.

This is where the idea of subband filtering becomes very use-
ful. Using (3) we have

Yin[k] =
∑
jm

Hij,m[k]Xj,n−m[k] + Uin[k] , (16)

which yields the statistical model

p(Yin | X) =
∏

k

N (Yin[k] |
∑
jm

Hij,m[k]Xj,n−m[k], Bi[k])

(compare to (8)). Hence, bothX and Y are now frame based.
Combining this equation with the speech model (5), we now have
a complete modelp(Y, X, S) for the reverberant mixing problem.

The model parametersθ = {Hij [k], Bi[k], Ajs[k], πjs} are
estimated from data by a variational EM algorithm, whose deriva-
tion generally follows the one outlined in the previous section and
the appendix. Notice that the exact E-step here is even more in-
tractable, due to the history dependence introduced by the filters.

M-step. The update rule forHij,m is obtained by solving the
Toeplitz system

∑

j′m′
Hij′,m′ [k]λj′j,m−m′ [k] = ηij,m[k] (17)



using the SS as defined in (10). The update rule for theBi[k] is
omitted due to space restrictions.

E-step. The posterior means of the sources (9) are obtained
by solving

X̂jn[k] = ν̂jn[k]−1
∑
im

Bi[k]Hij,m−n[k]? (18)

·

Yim[k]−

∑

j′m′ 6=jm

Hij′,m−m′ [k]X̂j′m′ [k]




for X̂jn[k]. AssumingK sources andP frames long filtersHij,m,
m = 0 : P − 1, this is aKP × KP linear system for each
frequencyk. All the other SS satisfy precisely the same equations
as in the previous section, with the exception of the state posterior
precisions that are given by

νjs[k] =
∑
im

Bi[k] | Hij,m[k] |2 +Ajs[k] . (19)

Notice that, whereas in the M-step and in computingX̂jn we
solve a separate problem for eachk, these problems are coupled
via the sum overs required to compute the SS in the E-step. As
mentioned above, this eliminates the problem of independent fre-
quency permutations.

5.1. Results

We have performed two sets of experiments. In each set,K = 2
20sec long speech signals at16 kHz sampling rate from the Wall
Street Journal dataset (see [1]) were mixed together by aL × K
matrix of filters withL = 3. The6 filters were independently mea-
sured in an office environment and were2000 taps long.L noise
signals taken from a long noise sequence recorded in an office en-
vironment with A/C and two PCs were added to the mixtures. The
signal to noise ratio (SNR) was 10dB. The algorithm was applied
to the resulting data. The extracted sources were compared against
the original ones and the SNR was computed. Averaged over mix-
ing matrices, the SNR improvement for the 3 pairs over the noisy
signals was7.6dB, 7.1dB, 5.5dB, respectively. One thing listen-
ers notice is the lack a whitening of the extracted speech signals.
Whitening is well known to affect many source separation algo-
rithms in the presence of reverberation. We largely avoid it due to
the strong speech model, which in effect limits the spectral range
of the resulting signals.

6. CONCLUSION

One extension of this work would make a connection with speech
recognition engines. It would be interesting to see whether the
improvement in SNR for speech sources demonstrated here would
translate into improvement in word error rate, as was the case for
the speech enhancement algorithm presented in [1]. In addition,
we hope to form a connection between our framework and modern
array processing methods (see, e.g., [4]).

7. APPENDIX

We give a brief outline of the derivation of the two algorithms in
this paper. Variational techniques [5] come to our help when the
exact E-step is computationally intractable, and our goal is to find

a tractable optimal approximation. One usually thinks of the E-
step as computing sufficient statistics; more generally, the E-step
computes the posterior distribution over the hidden variables, in
our caseX, S, conditioned on the dataY . Here we find a tractable
optimal approximationq(X, S | Y ) to the exact posteriorp(X, S |
Y ).

We start with the cost function

F [q] =
∑

S

∫
dX q(X, S | Y ) log

p(Y, X, S)

q(X, S | Y )
≤ L , (20)

which for anyq is bounded from above by the data likelihoodL =
log p(Y ). The difference betweenF andL is the KL distance
betweenq and the exact posterior. Our strategy is to specify a
structure forq, and maximizeF w.r.t. that structure, thus obtaining
an optimalq in the sense of minimal KL distance. We choose

q(X, S | Y ) =
∏
jn

q(Xjn, Sjn | Y ) , (21)

where the hidden variables are factorized over the sources and
the frames. This posterior maintains the dependence ofX on S,
and thus the correlations between different subbandsXjn[k]. A
slightly more general form which allows inter-frame correlations
by employingq(S) =

∏
jn q(Sjn | Sj,n−1) may also be used,

without increasing complexity.
By optimizingF w.r.t. q using variational calculus, we obtain

q(Xjn, Sjn = s) =
∏

k

q(Xjn[k] | Sjn = s)q(Sjn = s) , (22)

where

q(Xjn[k] | Sjn = s) = N (Xjn[k] | ρjns[k], νjs[k]) (23)

andq(Sjn = s) = γjns. Both the factorization overk givens of
q(Xjn | Sjn) and its Gaussian functional form fall out from the
optimization under the structural restriction (21) and need not be
specified in advance. The parameters appearing in (23) are com-
puted in the body of the paper.
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